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Abstract 

Using the basic Lie symmetry method, we find the most general Lie point symmetries group of the Vu — f{u) Poisson's 
equation, which has a subalgebra isomorphic to the 3— dimensional special Euclidean group SE(3) or group of rigid motions 
of . Looking the adjoint representation of SE(3) on its Lie algebra se(3), we will find the complete optimal system of its 
subalgebras. This latter provides some properties of solutions for the Poisson's equation. 
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J> ' 1 Introduction 

a^ : 

The Poisson's equation is 

' Vu = /(u), (1) 

where V = /dx^ + /dy^ + /dz^, / : M ^ R is a given smooth function, is an open subset of and 
u : r2 — > R is an unknown smooth function [2]. This is a stationary heat equation with a nonUnear source (5.4.1 of 
[6]). In this paper, using the basic Lie symmetry method, we find the most general Lie point symmetries group of the 
Poisson's equation, which has a subalgebra isomorphic to 3— dimensional special Euclidean group SE(3). Looking 
the adjoint representation of SE(3) on its Lie algebra se(3), we will find the complete classification of its subalgebras 
up to conjugacy. This latter provide a process for building new solutions for the Poisson's equation. 



- 1 — \ 



Inspired by Galois' theory of, Sophus Lie developed an analogous theory of symmetry for differential equations. Lie's 
theory led to an algorithmic way to find special explicit solutions to differential equations with symmetry. These 
special solutions are called group invariant solutions and they constitute practically every known explicit solution 
to the systems of non-linear partial differential equations arising in mathematical physics, differential geometry and 
other areas. 



These group-invariant solutions are found by solving a reduced system of differential equations involving fewer 
independent variables than the original system. For example, the solutions to a partial differential equation in two 
independent variables which are invariant under a given one-parameter symmetry group are all found by solving a 
system of ordinary differential equations. Today the search for group invariant solutions is still a common approach 
to explicitly solving non-linear partial differential equations. A good modern introduction to the use of similarity 
methods in engineering applications is the book [7]. An excellent introductory reference to Lie's theory of group 
invariant solutions is [4]. 

* Corresponding author: Tel. -1-98-21-73913426. Fax +98-21-77240472. 
Email address: m_nadjaf ikhah(3iust . ac. ir (M. Nadjafikhah ). 



Preprint submitted to Automatica 



25 August 2009 



2 Lie point symmetries 



In this section , wc find the Lie point symmetries of Poisson's equation, using the basic prolongation metliod and 
the infinitesimal criterion of invariance as [4] . Consider the one parameter Lie group of infinitesimal transformations 
on (xi = x,X2 = y, X3 = z, u) given by 

Xi = X'' + S^l{xi,X2,X3,u) + 0{s^), u = u + sip{xi,X2,xs,u) + 0{s'^), i = 1, 2, 3, (2) 

where s is the group parameter and ^i, i = 1,2,3 and ip are the infinitesimals of the transformations for the 
independent and dependent variables, respectively. The associated vector field is v = Yl^^i^id^i + <^9„, and its 
second prolongation is 

Pro(2) V = v + cp-du^ + cpy du, + du^ + <^-- du^^ + du^^ + du^^ + du,y + du,^ + du^^ , (3) 

with 

■■ (4) 

-{2uyzdz + UyUzz + 2uzUyz)du + UyOzz + 2uyU ^^8 zu + Uyulduu) 6 

~{2Uzzdz + SUzzUzdu + Uzdzz + 2uldzu + ulduu) £.3 + {Uzzdu + dzz + 2Uzdzu + ulduu) 

The vector field v generates a one parameter symmetry group of Poisson's equation if and only if 

Pro(^V(Vu - f{u)) = whenever Vu = f{u). (5) 
This condition is equivalent to the set of defining equations: 



duii = 0, 
5„6 = 0, 
5.6 = 0, 
duuf = 0, 



dx^i = dz^3, 

9x^2 + dy^i = 0, dzz£2 + dyy^2 + ^cco^^ = '^Qyu'P , 

dx^s + dzil = 0, dzzi3 + dyyis + d^xCs = 2dzuV, V<p = 2F{u).dz^3 + F'{u).ip. (6) 

dy^a + dzi2 = 0, dxx^i + dzzii + dyy^i = 2dxuV>, 



dz^a = dy£2, 
By solving this system of PDEs, we find that 



2.0.0.1 Theorem The Lie group Qf of point symmetries of Poisson's equation (1) is an infinite dimensional Lie 
algebra generated by the vector fields X = ^iQ^ + £,2dy + + ^du, where 

6 = a7(.T^ — y"^ — z^) + 2{a^y + aiz)x + agX + ag,y — a^z + 09, 

6 = ^5(2/^ - z"^ - x^) + 2(a7X + aiz)y - a%x + a^y + a2Z + oio, = Fi{x,y, z).u + F2{x,y, z), (7) 

£3 = ai{z'^ - x'^ - y^) + 2(072; + ar,y)z + aiX - a2y + aez + 03, 

with 

Fi = an - {arx + a^y + a^z), WF2 = (5Fi - 2a6 - 4aii)./(u) - [uFi + F2).f'{u), (8) 
and ai, i = 1, - ■■ ,11 are arbitrary constants. 
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Table 1 

Commutation table of 0/. 





1 


Xo 


Xq 


Xa 


Xs 


Xk 
















-X3 


X2 













X3 





-Xi 


X3 











-X2 


Xi 





Xi 





-X3 


X2 





-Xe 


Xs 


Xb 


Xz 





-Xi 


Xe 





-X4 




-X2 







-Xs 


X4 






2.0.0.2 Conclusion The Lie group Qf of point symmetries of Poisson's equation (1) has a dimensional Lie 
subalgebra generated by the following vector fields: 

Xi=dx, X2 = dy, X3 = dz, Xi=ydz-zdy, X5 = zdx - xdz, X6 = xdy-ydx. (9) 

The commutator table of Qf is given in Table 1, where the entry in the i^^ row and j^^ column is defined as 
[Xi, Xj] = Xi.Xj - Xj.Xi, i, j = 1, ■ • • , 8. □ 

An isometry (or rigid motion) of Euclidean space M'^ is a mapping R"^ R'^ which preserves the Enclidcan distance 
between points. For every isometry F, there exist a unique transformation T G Trans(3) = M'^ and a unique 
orthogonal transformation C G 0(3) such that F = C o T. Trans(3) is a normal subgroup of E(3), and E(3) = 
oc 0(3). E(3) has a natural 6— dimensional Lie group structure. The connected component containing J3 is special 
Euclidean group SE(3), consists of all orientation preserving isometrics, and is a connected 6— dimensional Lie group. 
Furthermore, the Lie algebra 5e(3) of 3— dimensional special Euclidean group is spanned by the following 6 vector 
fields (9). 



2.0.0.3 Remark The g/ Lie group of point symmetries of Poisson's equation Vu = f{u) may be changed, for 
special choices of /; for example, if / = 0, that is for Vm = Laplace equation, 0/ is spanned by Xi, i = 1, • • ■ ,6, 
du, dx + dy + dz, xzdx + yzdy + {z^ -x^ - y'^)dz + zudu, {x^ - 2/^ - z'^)dx, + xydy + xzdz + xudu, xyd^ + (x^ + 2/^ + 
z'^)dy + yzdz + yudu, and so on. 

3 Optimal system of subalgebras 

Let a system of differential equation A admitting the symmetry Lie group G,be given. Now G operates on the set of 
solutions S of A. Let s-G be the orbit of s, and _ff be a subgroup of G. Invariant solutions s G S* are characterized 
by equality s- S = {s}. If h € G is a transformation and s G 5, then h- {s- H) = {h- s) • {hHh~^). Consequently,every 
invariant if— solution s transforms into an invariant /iii/i~^— solution (Proposition 3.6 of [4]). 

Therefore, different invariant solutions are found from similar subgroups of G. Thus, classification of invariant 
iJ— solutions is reduced to the problem of classification of subgroups of G,up to similarity. An optimal system 
of s— dimensional subgroups of G is a list of conjugacy inequivalent s— dimensional subgroups of G with the prop- 
erty that any other subgroup is conjugate to precisely one subgroup in the list. Similarly, a list of s— dimensional 
subalgebras forms an optimal system if every s— dimensional subalgebra of g is equivalent to a unique member of 
the list under some element of the adjoint representation: f) = Ad((?) • f). 

Let H and H be connected, s— dimensional Lie subgroups of the Lie group G with corresponding Lie subalgebras f) 
and \) of the Lie algebra q of G. Then H = gHg^^ are conjugate subgroups if and only () = Ad{g) ■ f) are conjugate 
subalgebras (Proposition 3.7 of [4]). Thus, the problem of finding an optimal system of subgroups is equivalent to 
that of finding an optimal system of subalgebras, and so we concentrate on it. 

For one-dimensional subalgebras,the classification problem is essentially the same as the problem of classifying the 
orbits of the adjoint representation,since each one- dimensional subalgebra is determined by a nonzero vector in se(3) 
and so to "simplify" it as much as possible. 
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The adjoint action is given by the Lie series 

Ad{exp{s.Xi).Xj) = Xj - s.[Xi, Xj] + ^.[Xi, [X^, Xj]] (10) 

where [Xi,Xj] is the commutator for the Lie algebra, s is a parameter, and i,j = l,---,6 ([4], page 199). We can 
write the adjoint action for the Lie algebra se(3), and show that 



3.0.0.4 Theorem A one- dimensional optimal system o/se(3) is given by 
Al-.Xe, Al:X2 + bX5, Al : Xi + aX2 + bXg, 



Al:Xi+bX4, Af-.Xs 
where a, 6 G M and a ^ 0. 



bXe, Af-.Xi+aXs + bX^, 



Al:X2 + aX3 + bX5, 



(11) 



Proof: : se(3) se(3) defined hy X 1-^ Ad{exp{siXi).X) is a linear map, for i 
i = 1, • • • , 6,with respect to basis {Xi,- ■ ■ ,Xq} is 



,6. The matrix M? of F?, 



Ml 



1 
1 
10 
10 
s 1 
-s 1 



1 

C S 

S C 

1 

0000c s 
-s c 



Ml 



10 
1 
1 
-s 1 
10 
s 1 

C -5 

1 

S C 

COS 

1 

S c 



Mi = 



1 
10 
10 
s 1 
-s 1 
1 

C 5 

-S C Q 

1 

C 5" 

-5 C 

1 



respectively, where S = sins and C = coss. Let X = X^^^^ aiXj,then 

Fq'' o ■ ■ ■ o F^^ : X (cos S5. cos Sg.ai + cos S5. sin Sg.a2 — sin 55.03). Xi 
Now,we can simply X as follows: 



(12) 



(13) 



If oi, 02 and 03 = Ojthen we can make the cocfBcicnts of Xi, ■ ■ ■ , X^ vanish, by S4 = — arctan(a5/a6) and S5 = 
arctan(a4/a6). Scaling X if necessary,we can assume that oq = 1. And X is reduced to the Case of A\. 

If 02 and 0,3 = but ai ^ G,thcn wc can make the coefficients of X2, X3, and Xq vanish, by S2 = —ae/ai and 
S3 = a^/ai. Scaling X if necessary,we can assume that oi = 1. And X is reduced to the Case of A^. 

If tti and as = but 02 7^ 0,then we can make the coefficients of Xi, X2, X^, and Xq vanish,by si = aQ/a2 and 
S3 = —04/02. Scaling X if necessary, we can assume that 03 = 1. And X is reduced to the Case of A^. 

If oi and 02 = but 03 ^ 0,then we can make the coefficients of Xi, X2, X4 and X^ vanish, by si = —05/03 and 
S2 = ai/az. Scaling X if necessary, we can assume that 03 = 1. And X is reduced to the Case of A\. 
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If Oi and 02 7^ 0,then we can make the coefficients of X3, X4 and X5 vanish, by si = ag/a2, S3 = 05/01 and 
S4 = — arctan(o3/o2). Scaling X if necessary, we can assume that oi = 1. And X is reduced to the Case of A\. 

If 02 = but oi and 03 7^ 0,thcn we can make the coefficients oi X2, X5 and Xg vanish, by si = —a^/a^^ S2 = — oe/oi 
and S4 = — arctan(o3/o2). Scahng X if necessary,wc can assume that oi = 1. And X is reduced to the Case of Af. 

If oi = but 02 and 03 ^ 0,then we can make the coefficients of Xs, X4 and X^ vanish, by si = 06/02, and 
S2 = 04/03. Scahng X if necessary, we can assume that 02 = 1. And X is reduced to the Case of Aj. □ 



3.0.0.5 Theorem A two-dimensional optimal system of se{3) is given by 

A2'X2,Xq, A2 : Xi,X2 + aX4, A2 : X2, X^ + a X^, 

2 4 6 ^^^^ 

A2 : X^, Xq, A\ : Xi, X^ + a X4, A^ : X^, Xi + a X4, 

where o £ M. All of these sub-algebras are Abelian. 

Proof: In this proof, we shall assume that Q = Spa,ng^{X, Y} is a 2-dimensional Lie sub-algebra of 5e(3). 

Let X = Xg be as the Case of ^} , F = ^Li Xi, and [X,Y]= aX + PY. Then,we have F = 63 X3 + 66 X6 and 
a = (3 = 0. By a suitable change of base of fl,we can assume that Y = X^. Now g is reduced to the Case of Aj. We 
can not be used to further simplify this sub-algebra, by F^' , i = 1, ■ • • , 6 defined as (12). 

Let X = Xi + 06 Xg be as the Case of , F = ^i, and [X,Y] = aX + l3Y. Then,we have F = 63 X3 61 X 

and a = P = 0. By a suitable change of base of g.wc can assume that Y = X3. Now g is reduced to the Case of A^. 
We can not be used to further simplify this sub-algebra,by i = 1, • • • , 6. 

Let X = X2+05X5 be as the Case of A'J, Y = ELi^^^'^ and [X,Y] = a X + (3Y . Thcn,we have F 62^2 + &5^5 
and a = /? = 0. By a suitable change of base of fl,we can assume that X = X2 and F = X5. Now, g is reduced to 
the Case of A^. We can not be used to further simplify this sub-algebra, by i = 1, ■ • • , 6. 

Let X = X3 + 06 Xe be as the Case of , F = J^Li Xj, and [X, F] = a X + /? F. Then,we have F = 63 X3 + 66 X6 
and a = (3 = 0. By a suitable change of base of fl,we can assume that X = Xq and F = X3. Now, q is reduced to 
the Case of A^. 

Let X = Xi + 02X2 + 04 X4 be as the Case of , F = Yfi=i hXi, and [X,F] = aX + l3Y. Then,we have 
F = 61 Xi + (62/o2)X and a = /3 = 0. By a suitable change of base of 0,we can assume that X = Xi and 
F = X2 + 0X4. Now, Q is reduced to the Case of ^l- We can not be used to further simplify this sub-algebra,by 
F^'\i = !,■■■, 6. 

Let X = X2 + 03X3 + 04X4 be as the Case of A^l, Y = Y^^=i^i Xi, and [X, F] aX + /3F. Tlien,wc have 
Y — 61 Xi + (63/03) X and a = /3 = 0. By a suitable change of base of 0,we can assume that X = Xi and 
F = X3 + 0X4. Now, g is reduced to the Case of ^l- We can not be used to further simplify this sub-algebra,by 
F;\i = l,---,6. 

Let X = X2 + 03X3 + 05 X5 be as the Case oi Al, Y = Ei=i^i^i' and [X,F] = aX + PY. Then,we have 
F = 62X2 + (63/o3)X and a = /3 = 0. By a suitable change of base of 0,we can assume that X = X2 and 
F = X3 + 0X5. Now, g is reduced to the Case of A2. We can not be used to further simplify this sub-algebra,by 
F^' , i = 1, • • • , 6. And, we have proved the Theorem. □ 



3.0.0.6 Theorem A three-dimensional optimal system of3e{3) is given by As : Xi + oX4,X2,X3, where o G R. 
The commutator table of As is Table 2. 
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Table 2 

Commutation table of A3. 





X 


Y 


Z 


X 





—a 





Y 


a 








Z 












Table 3 

Commutation table of A4. 



Xi X2 X3 X4 

















X2 











X3 


X3 











-X2 


Xi 





-Xz 


X2 






Proof: In this proof, we assume that q = Spanjj{X, Y, Z} is a 3-dimensional Lie sub-algebra of se(3). 

Let X = X2 and Y = X5 are as the Case of A^, Z = X;Li l^^ Z] = aiX + P2Y + P^Z and [X, Z\ = 

Pi X + P2Y + (33 Z. Then,we have Z = + b5Y. By a suitable change of base of 5, we can assume that Z = 0, 
and is not a 3— dimensional sub-algebra. Thus,in this case we have not any 3— dimensional sub-algebra. 

The Cases A|, i = 2, 3, 4, 5 are similar. Thus, in these cases we have not any 3— dimensional sub-algebra. 

Let X ^ X3 and Y = Xi + aXi are as the Case of Z = J^^^^i h X^, [X, Z] = aiX + P2Y + P3Z and 
[X, Z] = Pi X + P2Y + P3 Z . Then, wo have Z = (6i/q!3).( — P3X + (13 Y — 0X2). By a suitable change of base of 
0,wc can assume that X = Xi + 0X4, Y = X2 and Z = X3. Now, g is reduced to the Case of ^3. We can not be 
used to further simplify this sub-algebra,by F^' , « = 1, • • • , 6 defined as (12). □ 



3.0.0.7 Theorem A four- dimensional optimal system ofst{3) is given by A4 : Xi,X2,X3,Xi. The commutator 
table of Ai is Table 3. Proof: Assume that Q = Span^jXi -|- aX4,X2,X3,X} be a Lie sub-algebra of 5e(3),where 

X = Yl^=i -^i- Then,we have X = J2i=i -^i- ^ suitable change of base of fl,we can assume that X = X4. 
Now, Q is reduced to the Case of A4. We can not be used to further simpliiy this sub-algebra, by F**, i = 1, • • • , 6 
defined as (12). □ 



3.0.0.8 Theorem 5z{2>) has not any five-dimensional Lie sub-algebra. 

Proof: Assume that = S^3.ii^{Xi, X2, X3, X4, X} be a Lie sub-algebra of 5e(3),where X = biXi. Then,we 
have X = Yl^^i h Xi, and g = SpanjjjXi, X2, X3, X4} is not a 5— dimensional sub-algebra. □ 

4 Invariant solutions 

To obtain the group transformation which is generated by the infinitesimal generators Xi = Y^^=i + (t^^^u for 
i = 1 • • • , 6, we need to solve the 6 systems of first order ordinary differential equations, 

x'jis)=^j{xi{s),X2{s),X3{s),u{s)), Xj{0) = Xj, j = 1, . . . , 6 

. _ (15) 
u'{s) = (j)^{xi{s),X2{s),X3{s),u{s)), u{0) = u. J " 1. 2, 3 

Exponentiating the infinitesimal symmetries of the Poisson's equation (1), we get the one parameter groups gk{s) 
generated by for = 1, • • • , 6; and consequently, we have 
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4-0.0.9 Theorem If u = h{x,y,z) is a solution of the Poisson's equation (1), so are the functions 



gi{s) ■ h{x, y, z) = h{x + s, y, z), 
92(3) ■ h{x, y, z) = h{x, y + s, z), 
gsis) ■ h{x, y, z) = h{x, y,z + s), 



174(5) ■ h{x, y, z) = h{x, y cos s ~ z sins, z cos s + y sins), 
95(3) ■ h{x,y,z) = h{xcoss + zsms,y,zcoss — a; sins) 
(?6(s) • h{x, y, z) = h{xcoss — ?/ sins, a; sins + y coss, z) 



(16) 
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J> ' 1 Introduction 

a^ : 

The Poisson's equation is 

' Vu = /(u), (1) 

where V = /dx^ + /dy^ + /dz^, / : M ^ R is a given smooth function, is an open subset of and 
u : r2 — > R is an unknown smooth function [2]. This is a stationary heat equation with a nonUnear source (5.4.1 of 
[6]). In this paper, using the basic Lie symmetry method, we find the most general Lie point symmetries group of the 
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the adjoint representation of SE(3) on its Lie algebra se(3), we will find the complete classification of its subalgebras 
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- 1 — \ 



Inspired by Galois' theory of, Sophus Lie developed an analogous theory of symmetry for differential equations. Lie's 
theory led to an algorithmic way to find special explicit solutions to differential equations with symmetry. These 
special solutions are called group invariant solutions and they constitute practically every known explicit solution 
to the systems of non-linear partial differential equations arising in mathematical physics, differential geometry and 
other areas. 



These group-invariant solutions are found by solving a reduced system of differential equations involving fewer 
independent variables than the original system. For example, the solutions to a partial differential equation in two 
independent variables which are invariant under a given one-parameter symmetry group are all found by solving a 
system of ordinary differential equations. Today the search for group invariant solutions is still a common approach 
to explicitly solving non-linear partial differential equations. A good modern introduction to the use of similarity 
methods in engineering applications is the book [7]. An excellent introductory reference to Lie's theory of group 
invariant solutions is [4]. 
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2 Lie point symmetries 



In this section , wc find the Lie point symmetries of Poisson's equation, using the basic prolongation metliod and 
the infinitesimal criterion of invariance as [4] . Consider the one parameter Lie group of infinitesimal transformations 
on (xi = x,X2 = y, X3 = z, u) given by 

Xi = X'' + S^l{xi,X2,X3,u) + 0{s^), u = u + sip{xi,X2,xs,u) + 0{s'^), i = 1, 2, 3, (2) 

where s is the group parameter and ^i, i = 1,2,3 and ip are the infinitesimals of the transformations for the 
independent and dependent variables, respectively. The associated vector field is v = Yl^^i^id^i + <^9„, and its 
second prolongation is 

Pro(2) V = v + cp-du^ + cpy du, + du^ + <^-- du^^ + du^^ + du^^ + du,y + du,^ + du^^ , (3) 

with 

■■ (4) 

-{2uyzdz + UyUzz + 2uzUyz)du + UyOzz + 2uyU ^^8 zu + Uyulduu) 6 

~{2Uzzdz + SUzzUzdu + Uzdzz + 2uldzu + ulduu) £.3 + {Uzzdu + dzz + 2Uzdzu + ulduu) 

The vector field v generates a one parameter symmetry group of Poisson's equation if and only if 

Pro(^V(Vu - f{u)) = whenever Vu = f{u). (5) 
This condition is equivalent to the set of defining equations: 



duii = 0, 
5„6 = 0, 
5.6 = 0, 
duuf = 0, 



dx^i = dz^3, 

9x^2 + dy^i = 0, dzz£2 + dyy^2 + ^cco^^ = '^Qyu'P , 

dx^s + dzil = 0, dzzi3 + dyyis + d^xCs = 2dzuV, V<p = 2F{u).dz^3 + F'{u).ip. (6) 

dy^a + dzi2 = 0, dxx^i + dzzii + dyy^i = 2dxuV>, 



dz^a = dy£2, 
By solving this system of PDEs, we find that 



2.0.0.1 Theorem The Lie group Qf of point symmetries of Poisson's equation (1) is an infinite dimensional Lie 
algebra generated by the vector fields X = ^iQ^ + £,2dy + + ^du, where 

6 = a7(.T^ — y"^ — z^) + 2{a^y + aiz)x + agX + ag,y — a^z + 09, 

6 = ^5(2/^ - z"^ - x^) + 2(a7X + aiz)y - a%x + a^y + a2Z + oio, = Fi{x,y, z).u + F2{x,y, z), (7) 

£3 = ai{z'^ - x'^ - y^) + 2(072; + ar,y)z + aiX - a2y + aez + 03, 

with 

Fi = an - {arx + a^y + a^z), WF2 = (5Fi - 2a6 - 4aii)./(u) - [uFi + F2).f'{u), (8) 
and ai, i = 1, - ■■ ,11 are arbitrary constants. 
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Table 1 

Commutation table of 0/. 





1 


Xo 


Xq 


Xa 


Xs 


Xk 
















-X3 


X2 













X3 





-Xi 


X3 











-X2 


Xi 





Xi 





-X3 


X2 





-Xe 


Xs 


Xb 


Xz 





-Xi 


Xe 





-X4 




-X2 







-Xs 


X4 






2.0.0.2 Conclusion The Lie group Qf of point symmetries of Poisson's equation (1) has a dimensional Lie 
subalgebra generated by the following vector fields: 

Xi=dx, X2 = dy, X3 = dz, Xi=ydz-zdy, X5 = zdx - xdz, X6 = xdy-ydx. (9) 

The commutator table of Qf is given in Table 1, where the entry in the i^^ row and j^^ column is defined as 
[Xi, Xj] = Xi.Xj - Xj.Xi, i, j = 1, ■ • • , 8. □ 

An isometry (or rigid motion) of Euclidean space M'^ is a mapping R"^ R'^ which preserves the Enclidcan distance 
between points. For every isometry F, there exist a unique transformation T G Trans(3) = M'^ and a unique 
orthogonal transformation C G 0(3) such that F = C o T. Trans(3) is a normal subgroup of E(3), and E(3) = 
oc 0(3). E(3) has a natural 6— dimensional Lie group structure. The connected component containing J3 is special 
Euclidean group SE(3), consists of all orientation preserving isometrics, and is a connected 6— dimensional Lie group. 
Furthermore, the Lie algebra 5e(3) of 3— dimensional special Euclidean group is spanned by the following 6 vector 
fields (9). 



2.0.0.3 Remark The g/ Lie group of point symmetries of Poisson's equation Vu = f{u) may be changed, for 
special choices of /; for example, if / = 0, that is for Vm = Laplace equation, 0/ is spanned by Xi, i = 1, • • ■ ,6, 
du, dx + dy + dz, xzdx + yzdy + {z^ -x^ - y'^)dz + zudu, {x^ - 2/^ - z'^)dx, + xydy + xzdz + xudu, xyd^ + (x^ + 2/^ + 
z'^)dy + yzdz + yudu, and so on. 

3 Optimal system of subalgebras 

Let a system of differential equation A admitting the symmetry Lie group G,be given. Now G operates on the set of 
solutions S of A. Let s-G be the orbit of s, and _ff be a subgroup of G. Invariant solutions s G S* are characterized 
by equality s- S = {s}. If h € G is a transformation and s G 5, then h- {s- H) = {h- s) • {hHh~^). Consequently,every 
invariant if— solution s transforms into an invariant /iii/i~^— solution (Proposition 3.6 of [4]). 

Therefore, different invariant solutions are found from similar subgroups of G. Thus, classification of invariant 
iJ— solutions is reduced to the problem of classification of subgroups of G,up to similarity. An optimal system 
of s— dimensional subgroups of G is a list of conjugacy inequivalent s— dimensional subgroups of G with the prop- 
erty that any other subgroup is conjugate to precisely one subgroup in the list. Similarly, a list of s— dimensional 
subalgebras forms an optimal system if every s— dimensional subalgebra of g is equivalent to a unique member of 
the list under some element of the adjoint representation: f) = Ad((?) • f). 

Let H and H be connected, s— dimensional Lie subgroups of the Lie group G with corresponding Lie subalgebras f) 
and \) of the Lie algebra q of G. Then H = gHg^^ are conjugate subgroups if and only () = Ad{g) ■ f) are conjugate 
subalgebras (Proposition 3.7 of [4]). Thus, the problem of finding an optimal system of subgroups is equivalent to 
that of finding an optimal system of subalgebras, and so we concentrate on it. 

For one-dimensional subalgebras,the classification problem is essentially the same as the problem of classifying the 
orbits of the adjoint representation,since each one- dimensional subalgebra is determined by a nonzero vector in se(3) 
and so to "simplify" it as much as possible. 
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The adjoint action is given by the Lie series 

Ad{exp{s.Xi).Xj) = Xj - s.[Xi, Xj] + ^.[Xi, [X^, Xj]] (10) 

where [Xi,Xj] is the commutator for the Lie algebra, s is a parameter, and i,j = l,---,6 ([4], page 199). We can 
write the adjoint action for the Lie algebra se(3), and show that 



3.0.0.4 Theorem A one- dimensional optimal system o/se(3) is given by 
Al-.Xe, Al:X2 + bX5, Al : Xi + aX2 + bXg, 



Al:Xi+bX4, Af-.Xs 
where a, 6 G M and a ^ 0. 



bXe, Af-.Xi+aXs + bX^, 



Al:X2 + aX3 + bX5, 



(11) 



Proof: : se(3) se(3) defined hy X 1-^ Ad{exp{siXi).X) is a linear map, for i 
i = 1, • • • , 6,with respect to basis {Xi,- ■ ■ ,Xq} is 



,6. The matrix M? of F?, 



Ml 



1 
1 
10 
10 
s 1 
-s 1 



1 

C S 

S C 

1 

0000c s 
-s c 



Ml 



10 
1 
1 
-s 1 
10 
s 1 

C -5 

1 

S C 

COS 

1 

S c 



Mi = 



1 
10 
10 
s 1 
-s 1 
1 

C 5 

-S C Q 

1 

C 5" 

-5 C 

1 



respectively, where S = sins and C = coss. Let X = X^^^^ aiXj,then 

Fq'' o ■ ■ ■ o F^^ : X (cos S5. cos Sg.ai + cos S5. sin Sg.a2 — sin 55.03). Xi 
Now,we can simply X as follows: 



(12) 



(13) 



If oi, 02 and 03 = Ojthen we can make the cocfBcicnts of Xi, ■ ■ ■ , X^ vanish, by S4 = — arctan(a5/a6) and S5 = 
arctan(a4/a6). Scaling X if necessary,we can assume that oq = 1. And X is reduced to the Case of A\. 

If 02 and 0,3 = but ai ^ G,thcn wc can make the coefficients of X2, X3, and Xq vanish, by S2 = —ae/ai and 
S3 = a^/ai. Scaling X if necessary,we can assume that oi = 1. And X is reduced to the Case of A^. 

If tti and as = but 02 7^ 0,then we can make the coefficients of Xi, X2, X^, and Xq vanish,by si = aQ/a2 and 
S3 = —04/02. Scaling X if necessary, we can assume that 03 = 1. And X is reduced to the Case of A^. 

If oi and 02 = but 03 ^ 0,then we can make the coefficients of Xi, X2, X4 and X^ vanish, by si = —05/03 and 
S2 = ai/az. Scaling X if necessary, we can assume that 03 = 1. And X is reduced to the Case of A\. 
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If Oi and 02 7^ 0,then we can make the coefficients of X3, X4 and X5 vanish, by si = ag/a2, S3 = 05/01 and 
S4 = — arctan(o3/o2). Scaling X if necessary, we can assume that oi = 1. And X is reduced to the Case of A\. 

If 02 = but oi and 03 7^ 0,thcn we can make the coefficients oi X2, X5 and Xg vanish, by si = —a^/a^^ S2 = — oe/oi 
and S4 = — arctan(o3/o2). Scahng X if necessary,wc can assume that oi = 1. And X is reduced to the Case of Af. 

If oi = but 02 and 03 ^ 0,then we can make the coefficients of Xs, X4 and X^ vanish, by si = 06/02, and 
S2 = 04/03. Scahng X if necessary, we can assume that 02 = 1. And X is reduced to the Case of Aj. □ 



3.0.0.5 Theorem A two-dimensional optimal system of se{3) is given by 

A2'X2,Xq, A2 : Xi,X2 + aX4, A2 : X2, X^ + a X^, 

2 4 6 ^^^^ 

A2 : X^, Xq, A\ : Xi, X^ + a X4, A^ : X^, Xi + a X4, 

where o £ M. All of these sub-algebras are Abelian. 

Proof: In this proof, we shall assume that Q = Spa,ng^{X, Y} is a 2-dimensional Lie sub-algebra of 5e(3). 

Let X = Xg be as the Case of ^} , F = ^Li Xi, and [X,Y]= aX + PY. Then,we have F = 63 X3 + 66 X6 and 
a = (3 = 0. By a suitable change of base of fl,we can assume that Y = X^. Now g is reduced to the Case of Aj. We 
can not be used to further simplify this sub-algebra, by F^' , i = 1, ■ • • , 6 defined as (12). 

Let X = Xi + 06 Xg be as the Case of , F = ^i, and [X,Y] = aX + l3Y. Then,we have F = 63 X3 61 X 

and a = P = 0. By a suitable change of base of g.wc can assume that Y = X3. Now g is reduced to the Case of A^. 
We can not be used to further simplify this sub-algebra,by i = 1, • • • , 6. 

Let X = X2+05X5 be as the Case of A'J, Y = ELi^^^'^ and [X,Y] = a X + (3Y . Thcn,we have F 62^2 + &5^5 
and a = /? = 0. By a suitable change of base of fl,we can assume that X = X2 and F = X5. Now, g is reduced to 
the Case of A^. We can not be used to further simplify this sub-algebra, by i = 1, ■ • • , 6. 

Let X = X3 + 06 Xe be as the Case of , F = J^Li Xj, and [X, F] = a X + /? F. Then,we have F = 63 X3 + 66 X6 
and a = (3 = 0. By a suitable change of base of fl,we can assume that X = Xq and F = X3. Now, q is reduced to 
the Case of A^. 

Let X = Xi + 02X2 + 04 X4 be as the Case of , F = Yfi=i hXi, and [X,F] = aX + l3Y. Then,we have 
F = 61 Xi + (62/o2)X and a = /3 = 0. By a suitable change of base of 0,we can assume that X = Xi and 
F = X2 + 0X4. Now, Q is reduced to the Case of ^l- We can not be used to further simplify this sub-algebra,by 
F^'\i = !,■■■, 6. 

Let X = X2 + 03X3 + 04X4 be as the Case of A^l, Y = Y^^=i^i Xi, and [X, F] aX + /3F. Tlien,wc have 
Y — 61 Xi + (63/03) X and a = /3 = 0. By a suitable change of base of 0,we can assume that X = Xi and 
F = X3 + 0X4. Now, g is reduced to the Case of ^l- We can not be used to further simplify this sub-algebra,by 
F;\i = l,---,6. 

Let X = X2 + 03X3 + 05 X5 be as the Case oi Al, Y = Ei=i^i^i' and [X,F] = aX + PY. Then,we have 
F = 62X2 + (63/o3)X and a = /3 = 0. By a suitable change of base of 0,we can assume that X = X2 and 
F = X3 + 0X5. Now, g is reduced to the Case of A2. We can not be used to further simplify this sub-algebra,by 
F^' , i = 1, • • • , 6. And, we have proved the Theorem. □ 



3.0.0.6 Theorem A three-dimensional optimal system of3e{3) is given by As : Xi + oX4,X2,X3, where o G R. 
The commutator table of As is Table 2. 
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Table 2 

Commutation table of A3. 





X 


Y 


Z 


X 





—a 





Y 


a 








Z 












Table 3 

Commutation table of A4. 



Xi X2 X3 X4 

















X2 











X3 


X3 











-X2 


Xi 





-Xz 


X2 






Proof: In this proof, we assume that q = Spanjj{X, Y, Z} is a 3-dimensional Lie sub-algebra of se(3). 

Let X = X2 and Y = X5 are as the Case of A^, Z = X;Li l^^ Z] = aiX + P2Y + P^Z and [X, Z\ = 

Pi X + P2Y + (33 Z. Then,we have Z = + b5Y. By a suitable change of base of 5, we can assume that Z = 0, 
and is not a 3— dimensional sub-algebra. Thus,in this case we have not any 3— dimensional sub-algebra. 

The Cases A|, i = 2, 3, 4, 5 are similar. Thus, in these cases we have not any 3— dimensional sub-algebra. 

Let X ^ X3 and Y = Xi + aXi are as the Case of Z = J^^^^i h X^, [X, Z] = aiX + P2Y + P3Z and 
[X, Z] = Pi X + P2Y + P3 Z . Then, wo have Z = (6i/q!3).( — P3X + (13 Y — 0X2). By a suitable change of base of 
0,wc can assume that X = Xi + 0X4, Y = X2 and Z = X3. Now, g is reduced to the Case of ^3. We can not be 
used to further simplify this sub-algebra,by F^' , « = 1, • • • , 6 defined as (12). □ 



3.0.0.7 Theorem A four- dimensional optimal system ofst{3) is given by A4 : Xi,X2,X3,Xi. The commutator 
table of Ai is Table 3. Proof: Assume that Q = Span^jXi -|- aX4,X2,X3,X} be a Lie sub-algebra of 5e(3),where 

X = Yl^=i -^i- Then,we have X = J2i=i -^i- ^ suitable change of base of fl,we can assume that X = X4. 
Now, Q is reduced to the Case of A4. We can not be used to further simpliiy this sub-algebra, by F**, i = 1, • • • , 6 
defined as (12). □ 



3.0.0.8 Theorem 5z{2>) has not any five-dimensional Lie sub-algebra. 

Proof: Assume that = S^3.ii^{Xi, X2, X3, X4, X} be a Lie sub-algebra of 5e(3),where X = biXi. Then,we 
have X = Yl^^i h Xi, and g = SpanjjjXi, X2, X3, X4} is not a 5— dimensional sub-algebra. □ 

4 Invariant solutions 

To obtain the group transformation which is generated by the infinitesimal generators Xi = Y^^=i + (t^^^u for 
i = 1 • • • , 6, we need to solve the 6 systems of first order ordinary differential equations, 

x'jis)=^j{xi{s),X2{s),X3{s),u{s)), Xj{0) = Xj, j = 1, . . . , 6 

. _ (15) 
u'{s) = (j)^{xi{s),X2{s),X3{s),u{s)), u{0) = u. J " 1. 2, 3 

Exponentiating the infinitesimal symmetries of the Poisson's equation (1), we get the one parameter groups gk{s) 
generated by for = 1, • • • , 6; and consequently, we have 



6 



4-0.0.9 Theorem If u = h{x,y,z) is a solution of the Poisson's equation (1), so are the functions 



gi{s) ■ h{x, y, z) = h{x + s, y, z), 
92(3) ■ h{x, y, z) = h{x, y + s, z), 
gsis) ■ h{x, y, z) = h{x, y,z + s), 



174(5) ■ h{x, y, z) = h{x, y cos s ~ z sins, z cos s + y sins), 
95(3) ■ h{x,y,z) = h{xcoss + zsms,y,zcoss — a; sins) 
(?6(s) • h{x, y, z) = h{xcoss — ?/ sins, a; sins + y coss, z) 



(16) 
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